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LETTER TO THE EDITOR

Minkowskian instantons

N S Baaklini
School of Theoretical Physics, Dublin Institute for Advanced Studies, Dublin 4, Ireland

Received 30 December 1977

Abstract. I present solutions to a scalar and an SO(3, 1) gauge Minkowskian field theory,
which are closely related to the Euclidean instanton solutions and are integrable. They
have vanishing energy-momentum tensors and finite actions.

Recently, interest has been paid to the so called instanton solutions (Belavin et al
1975, 't Hooft 1976) of classical field theory. These are non-singular and integrable in
an Euclidean space. They have been given some physical significance (Jackiw 1977) in
the corresponding quantum theory.

My purpose, in this Letter, is to point out that closely related solutions to some
Minkowskian field theories are also integrable.

I consider first a real scalar field with the following Minkowskian Lagrangian
density:

L=30.0)+10". 1

The coupling constant A is real and the sign chosen is opposite to that case in which
Euclidean instantons are found (Fubini 1976). The field equations

FPp—4rp>=0 )

admit the solution

6=() i ®

for an arbitrary real constant b.

The singularity of the solution (3) lies on a timelike surface and the ie is prescribed
to avoid this singularity and make (3) integrable.

The Minkowskian action corresponding to the Lagrangian density (1) and the
solution (3) is easily evaluated:

I= f d*x & = -%im?/A. (&)

The presence of the imaginary unit in (4) lends to our solution the possibility of a
tunnelling interpretation (Jackiw 1977) in the corresponding quantum theory.

Now I consider an SO(3, 1) Minkowskian gauge field, described by the Lagrangian
density

F=iFOFY —F4% (3,A2 +gAL AY) (5)
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where F2 is antisymmetric in both types of indices and (a,5=0,1,2,3; p, v =
0,1,2,3).
The equations of motion

Fil =0,A +8ALAY —(u o v)

(6)
IFb +gA* Fr, —gA* Fi, =0
admit the solution
w2 max’ —mux©
g xP-b +ie
)]
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The Minkowskian action corresponding to the Lagrangian density (5) and the
solution (7) is
I=-16inr?/g> 8)

The Minkowskian energy-momentum tensor for the SO(3, 1) gauge field and the
improved energy-momentum tensor for the scalar field defined by

02, = —FaF s +inu FuF 9)
02, =8.00.0 — Nu.[30:0) +16°]-$(3,.0.0° — n,..8°¢7) (10)

both vanish for the solutions (3) and (7).

It may be useful at this point to give the following remark. The self-duality
properties of the SU(2) Euclidean instantons have been helpful criteria for their
construction and are responsible for the vanishing of the Euclidean energy-momen-
tum tensor. In the above Minkowskian theories, however, the vanishing of the
energy-momentum tensor seems to be the essential propertyf. It may serve therefore
to find other Minkowskian solutions.

Finally, it may be worth noting that the following invariant of the SO(3, 1) gauge
field defined by

0, = J' d* x5 F2F, o (11)
vanishes for the solution (7). However, the invariant
Q.= J d*xie" " F b Fio€asca = 128im°/g". (12)

I am grateful to Professor L O’Raifeartaigh for very useful remarks and to Drs M Fry,
D O’Brien, J Rawnsley and M Scheunert for very useful discussions.
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